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Exploratory Analysis of Nonuniform Plug Nozzle Flowfields
CHARLES R. HALL JR.* AND THOMAS J. MuELLERf

University of Notre Dame, Notre Dame, Ind.

A method is presented by which the plug nozzle flowfield is calculated for the "closed wake" condition. The
assumed flow model is divided into two basic components: the separated region or near wake and the inviscid
flow adjacent to this near wake. The solution to the near wake is obtained by means of an integral analysis, and
the rotational method of characteristics solution is employed in the adjacent inviscid region. Parametric studies
for representative nozzle configurations are also included. These parameters include the effects of: plug trun-
cation for an internal-external-expansion truncated plug nozzle, shroud truncation for an expansion-deflection
nozzle, the over-all nozzle area ratio, nonisoenergetic mixing, the variation of the ambient pressure, base bleed,
and boundary-layer thickness approaching separation. Comparison with a limited amount of experimental
data is also presented.

Nomenclature

A = area
H = nondimensional bleed number, Refs. 1, 5 or 6
L = plug length measured from geometric throat
M = Mach number
m = mass flow rate
n = power law profile exponent
P = pressure
r = radius
T — temperature
u = velocity
X,Y = coordinates of the reference (inviscid) coordinate system
x,y = coordinates of the intrinsic (viscous) coordinate system
y = ratio of specific heats
8 = boundary-layer thickness
$** = boundary-layer momentum thickness
e = 0 for planar flows; = 1 for axisymmetric flows
17 = dimensionless coordinate (=crylx)
0 = streamline angle
p = density
a = jet spread parameter
(f> = velocity ratio, u/ui

Subscripts

1,2,3,4 = stations for the basic flow model
a = conditions in the external stream adjacent to the mixing

region; ambient conditions
an = analytical
b = conditions at the plug base
BL = boundary layer
d — streamline whose kinetic energy is just sufficient to enter

the recompression region
E = nozzle exit
exp = experimental
j — conditions along the jet boundary separating streamline
m = coordinate shift in the mixing theory due to the momen-

tum integral
max = maximum
o = stagnation conditions
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R = conditions along the .R-streamline
t = nozzle throat
w = wake

Superscripts

- = average value

Introduction

KR certain atmospheric and space missions, propulsive
rstems are required which provide large thrust-to-weight

ratios, and also perform efficiently over a wide range of
operating conditions. Plug nozzle configurations such as the
expansion-deflection (E-D) and the truncated plug (T-P) may
provide the means for satisfying these requirements. Sche-
matics of these geometries are pictured in Figs, la and Ib,
respectively. These nozzles are much shorter than the corre-
sponding bell or conical nozzles of the same over-all area ratio.
In addition, these nozzles have an altitude compensating
capability because their flowfields adjust to the ambient con-
ditions, thus producing a more efficient operation at off-
design altitudes. In order to develop design criteria for such
nozzles, analytical techniques must be developed which de-
scribe the flowfield accurately. A basic flow model is ex-
tended to analyze these nozzle geometries. Also included is
a discussion of the influence of representative parameters along
with a limited amount of experimental data.

Basic Flow Model

Although the flow between the near wake and the external
jet boundary is assumed to be inviscid, it may be rotational.
The method of characteristics solution proceeds downstream
from the initial line, and portions of the flowfield which have
already been determined cannot be affected by conditions
downstream. The near wake-base pressure solution deter-
mines the lower boundary condition for the method of
characteristics solution. On the other hand, the method of
characteristics solution provides the boundary condition for
the near wake solution (Fig. 1).

The shape of the base flow region downstream of the plug
is determined by employing an extension of the flow model
developed by Zumwalt1 and later modified by Mueller.2'3
Besides calculating the plug base pressure, the general features
of the entire nozzle flowfield are obtained. The theoretical
flow model used in conjunction with the restricted mixing
theory of Korst4 and the rotational method of characteristics
is shown in Fig. 2. The flow is divided into an inviscid
adjacent stream, a dissipative mixing layer, and a base region.
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a) EXPANSION-DEFLECTION NOZZLE CONFIGURATION

b) T R U N C A T E D - P L U G NOZZLE CONFIGURATION

Fig. 1 Essential features of "closed wake" plug nozzle flowfields.

In addition to using the restricted mixing theory of Korst, the
following conditions are imposed on these three flow com-
ponents. 1) The initial conditions in the throat of the nozzle
may be either along a left-running characteristic (as in an
E-D nozzle), along a right-running characteristic (as in a T-P
nozzle), or along a noncharacteristic line. The flow need not
be uniform at this initial condition line, but must be supersonic.
Adjacent nozzle flow is calculated using the rotational method
of characteristics. 2) The boundary layer approaching the
separation corner at 1 is neglected, although the mixing is
assumed to be fully turbulent (after Korst4 and Zumwalt1'5).
3) An isentropic expansion takes place in the adjacent stream
from 1 to 2, i.e., a continuation of the method of character-
istics for the flow over the plug. The presence of a lip shock
is ignored in this analysis. 4) The inviscid flow past a conetail
using the rotational method of characteristics is utilized to
define the pressure field impressed on the mixing region from
2 to 3. This conetail surface also serves as the "corre-
sponding inviscid jet boundary". 5) The pressure normal to
the "corresponding inviscid jet boundary" is assumed to be
constant within and near the mixing region at each cross-
section (after Zumwalt1'5 and Mueller2'4). 6) Velocity pro-
file similarity is assumed in the mixing region. The error
function velocity distribution is located within the intrinsic
coordinates x, y and is represented by x w X and Y = y-ym(x)
where ym(G) = 0. This coordinate shift is a consequence of
using the restricted mixing theory of Korst (after Korst,4

- SHROUD EXTERNAL FREE JET BOUNDARY

I N V I S C I D
ADJACENT RECOMPRESSION

FLOW SHOCK

Fig. 2 Flow model used to determine the turbulent base pressure and
flowfield for a plug nozzle.

Zumwalt1'5 and Mueller 2-3). 7) Recompression is assumed
to result from an oblique shock turn from 3 to 4 at an empiric-
ally determined trailing wake radius ratio (after Mueller2'3).

A streamline j can be identified which divides the amount
of mass passing over the corner at 1 from that mass flow
entrained by the viscous action of the free jet mixing region.
A second streamline d can be identified which has just
sufficient kinetic energy at 3 to negotiate the pressure rise to 4.
Streamlines below the ^-streamline have lower kinetic energies,
cannot pass through recompression, and are turned back to
recirculate in the base region. If there is no base bleed, con-
servation of mass requires that the j- and ^-streamlines be
identical.

The control volume between cross sections 2 and 3 is bounded
by streamlines R and —R which were defined by Zumwalt1

such that the cross-sectional area normal to the direction of
the flow would remain nearly constant, and the P • dA pressure
force could be neglected in the momentum equation. The
momentum equation in the axial direction was formulated
using geometrical relations and the relationship between the
viscous and inviscid coordinate systems. This equation was
solved simultaneously with the combined viscous and inviscid
continuity equations written for the control volume between
cross sections 2 and 3. For the error function velocity profile,
</> = i(l + erf T?), where <f> = u\ua and T? = ay/x, it was found
that 77 R = 3 was large enough for <£/ to approach its asymptotic
value. The result of this analysis is a nonlinear equation
which allows one to locate the /-streamline at cross section 3.
(Refs. 1-3 and 6 give details of the analysis.)

It is evident that, in order to determine 77,3 and therefore <f>J3
for a given initial condition, the location of recompression,
r3/rb, the corresponding inviscid condition M3a, and the jet
spread parameter, o-3fl, must be known. The location of the
recompression point, f3/rb, is determined from experimental
data. The Mach number along the inviscid jet boundary at 3,
M3fl, is determined from the axisymmetric rotational method
of characteristics solution. The jet spread parameter is
determined from the equation given by Channapragada.7

In considering base flows in which base bleed (i.e., mass
addition) is present, modifications of flow model must be
made. Additional assumptions include: a) the amount of
mass addition is small; b) the momentum associated with this
mass addition is negligible; and c) for steady mass bleed cases,
some amount of mass will be pumped into or out of the base
region through the mixing region between they- and ^/-stream-
lines. The analysis of base bleed used here is that of Zumwalt
and Tang.5

The initial boundary layer approaching separation is treated
as an equivalent base bleed.8"10 The actual amount of
equivalent base bleed due to the finite boundary layer rhBL may
be expressed as: mBL = 2piu18**(7rrBL)e. In this analysis, the
boundary-layer profile approaching the end of the plug
has been assumed to take the form given by a power law
expression, i.e.: u/Ui = (y/8)1/n.

FORTRAN IV programs for the UNIVAC 1107 digital
computer were developed to calculate the flowfields and base
pressures for axisymmetric and planar E-D and T-P nozzle
configurations.

Analytical Studies

A supersonic starting line must be determined which forms
the initial boundary conditions for the method of character-
istics. Since the base pressure solution is a direct function of
the characteristics solution, the base pressure, then, can provide
a numerical comparison demonstrating the effects of an initial
profile shape. Four types of profiles were investigated for
an internal-external-expansion T-P nozzle: a) a vertical pro-
file; b) a parabolic profile; c) a linear profile; and d) a circular
arc profile. The initial Mach number for all four cases was
1.050, and the streamline angle varied linearly between the
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plug surface and the contour surface. The lowest base
pressure was obtained with the linear sonic line and the highest
with the circular arc sonic line (i.e., about 29% higher than
the linear sonic line). The values obtained for the vertical
and parabolic sonic lines were essentially the same and
about 17% higher than the linear case. The vertical sonic
line was used in all of the cases presented below.

Truncating the shroud of an E-D nozzle may produce signi-
ficant weight savings while keeping the thrust losses to a
minimum. The effects of shroud truncation on the flowfield
of an axisymmetric E-D nozzle are presented in Fig. 3. Al-
though the amount of shroud truncation is not large (a maxi-
mum of 1.59% decrease in exit area in Fig. 3), rather signi-
ficant changes in the flowfield are encountered. The most
significant change in the flowfield occurs in the shape and
location of the external free-jet boundary. The initial flow
angle at the shroud exit increases with increasing truncation
because the flow at the exit must undergo a larger expansion
to the ambient pressure. The base pressure for all three cases
remained constant since the effects of the truncated shroud
had not propagated into the near wake region. The shape of
the external jet boundary also governs the formation of the
internal shock system. The internal shock is formed by a
coalescence of compression waves originating at this boundary.
This type of internal shock was not included in the analysis.

One technique used to produce higher thrust levels is to vary
the nozzle area ratio, AE/At. The nozzle used in this investi-
gation was an internal-external-expansion T-P nozzle with a
cylindrical shroud. The radius of the shroud was allowed to
vary while the plug geometry remained constant. The results
of this study are shown in Fig. 4. An increasing area ratio
produces a corresponding decrease in the base pressure. Since
the Mach number is directly related to the area ratio, this
result, then, does produce the proper trend as demonstrated
by many other authors.2"4'lx

In hot flow nozzles, the base temperature (i.e., the gas
temperature near the plug base) can differ greatly from the
freestream stagnation temperature. With increasing time, the
base temperature begins to approach this freestream stagna-
tion temperature asymptotically. In the interim, however, the
performance of the nozzle may vary appreciably. The solu-
tion presented here cannot predict the actual transient varia-
tion of the base pressure with the rate of increase (or decrease)
of base temperature. The analysis can provide, however, a
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Fig. 3 Shroud contour truncation of an axisymmetric E-D nozzle
with Ab/At = 2.44S, PJPol = 0.0102, H=Q, Pb/P01 = 0.0219,
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Fig. 4 Influence of area ratio on base pressure ratio for an axisym-
metric internal-external-expansion truncated plug nozzle with a 7.97°

half-angle conical plug.

representation of the flowfield providing the rate of tempera-
ture change is not too large. The results of nonisoenergetic
mixing on the base pressure of an axisymmetric E-D nozzle
are shown in Fig. 5. Note that the base pressure increases with
heat addition, while cooling produces a base pressure decrease.
This trend has been demonstrated both analytically and experi-
mentally by other authors for simple base flow problems.12 ~14

Plug nozzles are altitude compensating because their flow-
fields change with changes in ambient pressures. For a T-P
nozzle, the external free-jet boundary forms the upper boundary
for the nozzle flow. The effects of ambient pressure on the
flowfield of a planar T-P nozzle are shown in Fig. 6. In this
figure, the increasing ambient pressure, from a to c forces the
external free jet boundary toward the nozzle axis which results
in significant changes in the nozzle flowfield (although the
base region has not been affected for the cases shown in Fig. 6).

Mass addition into the near wake of a blunt body is an

0.028

1.00 1.50 2.00 2.50 3.00
BASE TEMPERATURE RATIO, Tb/T0j

Fig. 5 Effect of nonisoenergetic mixing on the base pressure of an
axisymmetric E-D nozzle.
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Fig. 9 Calculated pressure variations along the inviscid jet boundary
of the near wake of an axisymmetric E-D nozzle.
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effective means of substantially increasing the base pres-
sure12'15 which in turn, increases the total thrust of the nozzle.
Figure 7 shows the effect of base bleed on the base pressure
of an axisymmetric E-D nozzle, while Fig. 8 presents the
calculated flowfields at three different bleed rates. Figure 7
demonstrates that initially, the effect on base pressure is quite
large, but begins to level off with increasing bleed rates. In
Fig. 8, the flowfields also reflect this change in the base
pressure. Recompression was made to occur at a larger
radius, and the axial location of recompression was shifted
slightly downstream.6 Figure 9 presents the static pressure
variation along the near wake up to and including recom-
pression for the three cases of Fig. 8. Note that the curve for
no base bleed has the lowest base pressure, while increasing
bleed rates produce higher base pressures. At recompression,
the pressures are all approximately the same value, but the
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Fig. 8 Effects of base bleed on the flowfield of an axisymmetric E~D
nozzle,mthAE/At = 5.062,Ab/At = 2.448, Tb/T01 = 1.00andy - 1.4.

Fig. 10 Initial boundary-layer effects on the base pressure of an
axisymmetric E-D nozzle with PJP01 = 0.0102.
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pressure rise across the recompression shock is not as great
for the bleed cases.

An initial boundary layer just upstream of separation may
be treated as an equivalent base bleed.8"10 Therefore, the
flowfield and base pressure of a nozzle will be influenced by
the presence of an initial boundary layer. Figure 10 presents
the effects of a turbulent boundary layer on the base pressure
of an axisymmetric E-D nozzle. The variations in base
pressure with the velocity profile exponent are presented in
Fig. lOa. Figure lOb presents the variation of the base
pressure with the nondimensional momentum thickness of the
initial boundary layer. Since the momentum thickness is
directly proportional to the equivalent base bleed, this curve
is identical to the base bleed curve for the same nozzle
(Fig. 7).

Experimental Studies

An internal-external-expansion nozzle was designed for an
exit Mach number of 1.90 based on the over-all area ratio,
AE/At = 1.555. The plug was conical in shape and converged
toward the axis at an angle of 10°; and the base was 0.48 of the
distance from the throat to the projected cone tip (i.e..
L/Lmax = 0.48). The base diameter was 0.250 in., the length
of the truncated plug from the throat was 0.660 in., and the
nozzle throat area was 0.33 in.2. The shroud contour of the
nozzle was cylindrical and extended a distance of 0.300 in.
downstream of the geometric throat. A more complete
description of the nozzle and its auxiliary equipment is given
in Ref. 6.

The calculated near wake boundary and recompression
shock as well as the external free jet boundary were compared
with the results obtained from a shadowgraph of this flow-
field in Fig. 11. The calculated external free jet boundary
agreed very well with the experimental one. The near wake
boundary and recompression shock did not agree as well.
This was anticipated because of the difference in the calculated
(Pb/Poi = 0.0878) and measured (Pb/P01 = 0.0693) values of
base pressure ratio. Although the use of a vertical sonic line
and omission of the plug boundary layer in the analytical
model could account for some of the difference, it appears that
the omission of an internal shock wave in the calculations
would explain more of the discrepancy.

Additional comparisons with a small amount of unpublished
data16 were also made. No internal shock waves were
apparent in the shadowgraphs from these experiments. The
nozzle was an internal-external-expansion T-P nozzle with
AE/At = 24, the diameter of the cylindrical shroud was 3.00 in.
and the diameter of the plug at the throat was 2.937 in. The
shroud of the nozzle extended a distance of 1.180 in. down-
stream of the throat. The plug had a cone half-angle of 17°
and was truncated at three lengths for the experiments. A
comparison of the analytical and experimental base pressures

Table 1 Comparison of experimental and analytical results for
axisymmetric T-P nozzle16

L/L (P IIP )

0.300
0.350
0.460

0.00346
0.00385
0.00365

0.00342
0.00370
0.00366

Fig. 11 Comparison of experimental and analytical flowfields for an
axisymmetric internal-external-expansion T-P nozzle with Ae/At =

1.555, L/Lmax = 0.480 and Pa/P01 = 0.136.

is presented in Table 1. In the absence of internal shock
waves therefore, the analytical flow model produces results
which agree quite well with measured values.

Conclusions

A technique is presented whereby the flowfields and base
pressures of plug nozzles may be readily calculated. The
solution includes an integral formulation of the near wake
region which accurately describes the geometry of the near
wake, and also predicts the pressure acting on the base of the
plug. The use of the rotational method of characteristics
provides the solution to the inviscid supersonic region adjacent
to the near wake.

Parametric studies of the important plug nozzle variables
are presented. Other data available for simpler base flow
geometries indicate that the parameters studied do demon-
strate the correct trends.

Comparisons between experimental geometries and the
corresponding analytical model produced varied results. Base
pressure agreement for large throat, large area ratio nozzles
where no internal shock wave was present, appeared very
satisfactory. However, for the small throat area low Mach
number nozzle tested with an internal shock wave present,
the analytical base pressure was about 26% higher. While
this discrepancy was probably due in part to viscous effects
and the use of a vertical sonic line, the internal shock wave
appears to have the largest effect.
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Material Phase Transformation Effects
upon Performance of Spaced Bumper Systems

A. K. HOPKINS*
Air Force Materials Laboratory, Wright-P alter son Air Force Base, Ohio

T. W. LEE| AND H. F. SwiFiJ
University of Dayton Research Institute, Dayton, Ohio

The response of thin metal sheets to impacts by spheres of like materials in the entire velocity range to
7.2 km/sec is considered. Regimes of impact are observed characterized first by the projectile remaining
intact, thence to projectile shatter, to melting of sphere and plate, and finally to vaporization of the materials.
The thickness of witness plate material required to defeat the forward moving debris created by the thin plate
impact is shown to depend on the physical state of the debris material. An analysis based upon planar shock
wave theory is shown to accurately predict critical points on the ballistic limit curve associated with both
incipient and complete melting and vaporization of the projectile and target materials.

Nomenclature

A, y = coefficient and exponent for Murnaghan equation
EH,PH, VH = Hugoniot energy, pressure, volume
EQ, VQ = normal energy, volume
i = /th state or point
P* = maximum shock pressure
s = spacing, cm
S = entropy, cal/°K
/!, t2 = thickness, cm
T = absolute temperature, °K
up = particle velocity in projectile, cm/jitsec
UT = particle velocity in target, cm/ju,sec
V* = minimum volume
Vf = final volume, cm3/g
v0,v = impact velocity, km/sec
F = Griineisen parameter

Introduction and Background

Al early as 1947, Whipple1 suggested that the most
efficient method of defeating the penetrating power of a

meteorite into the surface of a space vehicle is to provide the
surface with a bumper. In his book published in 1958,
Whipple2 discusses the bumper concept in some detail,
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f Head, Impact Physics Group.
j Head, Materials Physics Research.

suggesting that over-all hull weight might be dramatically
reduced by using the bumper concept.

Researchers since 1958 have developed the space bumper
concept and have sought theoretical models which would
explain the reason the bumper was effective and predict
results of real impacts in space. In 1964 Maiden and
McMillan3 described the failure modes of bumper configura-
tions at low and high velocity and suggested a one-dimensional
analysis that would aid a space craft designer to estimate the
bumper parameter values he would need in the construction of
his vehicle.

In 1970, Swift and Hopkins4 reported the effects of bumper
materials upon the performance of two-component hyper-
velocity impact shields. They noted that most bumper
materials performed equally well on a weight-per-unit-area
basis, i.e., bumper areal density was the only factor controlling
shield performance. This rule held exactly when one-dimen-
sional shock wave analysis indicated that the projectiles
(aluminum spheres) were melted by the primary shock wave
and the bumper material also melted. Small deviations from
the areal density rule were observed when the projectile
melted, but the bumper material was neither vaporized nor
shattered but left in the solid state. Shield performance
degraded dramatically when the shock impedance of the
bumper materials was insufficient to generate shock waves in
the projectile strong enough to melt the projectile material—
thus leaving the projectile material shattered but in the solid
state. The authors hypothesized that the critical shock
impedance of the bumper material needed to assure validity of


